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Abstract—1. Linearization techniques commonly used to solve energy budget equations of animals and
plants can result in inaccurate estimates of body temperature (7,).
2. Errors can be large when actual 7is differ from the temperature used in linearization techniques;

this is especially true for wet-skinned animals.

3. Iterative solutions of linearized equations can give accurate calculations of T,,.
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INTRODUCTION

Biophysical analysis of the exchanges of energy and
mass between organisms and their environments play
an increasingly important role in ecological, phys-
iological and evolutionary studies of animals and
plants (see Gates and Schmerl, 1975; Monteith, 1973;
Campbell, 1977; Gates, 1980; Tracy, 1982). These
analyses use mechanistic equations to predict body
temperature (7,) (Machle and Hatch, 1947; Tracy,
1976; Porter er al., 1975; Bakken and Gates, 1975;
Spotila et al., 1973), environmental heat loads
(Buettner, 1951; Kleiber, 1972; Strunk and Tracy,
1973; Bakken and Gates, 1974; Gonzalez et al., 1974;
Robinson et al., 1976; Mahoney and King, 1977,
Bakken ef al., 1978; Belovsky, 1981), metabolic rates
(Strunk and Tracy, 1973, 1980; Bakken, 1980;
Spotila and Gates, 1975; Robinson er al., 1976;
Mahoney and King, 1977) and evaporative water loss
(Penman, 1948; Kerslake and Waddell, 1958; Tracy,
1976, Campbell, 1977; Welch and Tracy, 1977; Tracy
et al., 1980). These equations often cannot be solved
explicitly for T, because they contain higher-order
unknown terms as described below. Nevertheless,
numerical solutions can be obtained by using iterative
computer routines (Tracy, 1976; Bakken, 1981), or by
approximating or linearizing the higher-order un-
known terms (Bakken, 1981; Campbell, 1977). Here,
we describe linearization techniques and demonstrate
that two commontly used linearization techniques can
generate substantial computational errors under bio-
logically realistic conditions. We also illustrate bio-
logical situations that are prone to error, and demon-
strate a simple iterative method that circumvents the
errors.
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LINEARIZED ENERGY BALANCE EQUATIONS

Linearization techniques are often employed in
energy balance equations used to calculate the Tys of
plants and animals. In these simple energy budgets,
absorbed radiation is balanced by convection [a
function of the temperature difference between the air
(7,) and the body (7})] and long-wave reradiation
(related to the fourth power of T,):

0=Q —h(T,~T,)—ea T%, (1)
where A is the convection coefficient, € is the emis-
sivity of the body surface and ¢ is the

Stefan-Boltzmann constant. It is difficult to solve this
equation for T, because of the fourth-order unknown
term. However, this term can be replaced with a
linear approximation using a Taylor series expansion
with T, as the ‘linearization temperature”
(Campbell, 1977). When T, is not greatly different
from T,, the fourth-order term can be taken to be

T{x T +4TNT, ~T)). )

Substitution of equation (2) into equation (1) allows
an explicit solution for T:

Ty=T,+(Q —eoT))/(h. + €adT)). 3)

When evaporative heat loss is an important mode
of heat transfer from the organism (e.g. from a
wet-skinned animal), the energy balance equation
must be expanded to include a term for evaporation
(Campbell, 1977):

0= Q - hc(Tb - Ta) - EGT: - }“hd(ps.sal - pa)* (4)

where 4 is the latent heat of vaporization, 4, is the
conductance to the loss of water vapour and
(Pesat — Pa) is the vapour density difference between
saturated air at the surface of the animal and the
ambient air. If the organism has a significant re-
sistance to water loss due to an impermeability of the
skin, the vapour density of the air at the surface of
the animal will not be saturated and another formu-
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lation will have to be employed (Tracy, 1982). When
the organism has a wet surface, A, is the conductance
due to the boundary layer (Tracy. 1976, 1982), but
when the organism has a relatively impermeable
“skin”, A, can be the conductance of the skin alone
(Tracy, 1982). Under some circumstances, /Ay is a
complex function of the permeability of the skin and
of the resistance to water transport due to the bound-
ary layer (Tracy, 1982).

Pssar 18 @ complicated function of body temperature
(Tracy et al., 1980) making equation (4) impossible to
solve analytically. However, Penman (1948)
simplified such equations by developing a linear
approximation of the term (p,,, — p.):

(pssdt—pd);(pdul—pd)‘{_Y(Tb_ TA) (5)

where p, ., (g m~* K"} is the vapour density of satur-
ated air at T,, and s is the slope of the non-linear
relationship between saturation vapour density and
temperature (Penman, 1948),

s = —0.0953 +0.0732436 T
—0.001516388 T2 + 0.000033869548 T°.  (6)

Theoretically, s should be evaluated at (7, + 73,)/2,
but usually s is evaluated at 7, because 7, is unknown
(Penman, 1948; Campbell, 1977). In this paper, we
also use T, as the linearization temperature for
evaluating s. The complete linearized energy balance
equation used to calculate the T, of an evaporating
organism (with wet skin) uses both Taylor and Pen-

man approximations:

Tb = Ta + [Q - ;'hd(ps.sat - pa)
—eaTH/(h + ihys +€ad4TY). (7)

Because these linearized heat balance equations
[equations (3) and (7)) can be solved explicitly for T,.
they have two major advantages over equations (1)
and (4): (1) the relationships between T}, and the other
variables are simple enough to allow analytical inter-
pretation of the physical interactions between an
organism and its environment. and therefore (2) T
can be easily calculated by hand or with a pocket
calculator. Nevertheless, use of linear approxi-
mations may compromise accuracy for convenience.
In some cases, the reduction in accuracy may be
negligible. Simplifying the Taylor series expansion
[equation (2)] by excluding higher-order terms results
in an underestimate of T,. and the underestimate is
proportional to T, — T,. Similarly, the Penman ap-
proximation is accurate only when 7, and 7, are very
similar. Disparity between T, and T results in an
underestimation of T, if T,»7,, and an over-
estimation, if T,«T,.

ERROR ANALYSIS

The accuracy of these linear approximations has
not been thoroughly investigated, although Bakken
(1981) and Roughgarden e al. (1981) compared the
linearization of T in energy balances of dry-skinned
animals to a numerical solution and came to conclu-
sions similar to ours for our equation (4). To deter-
mine whether the Taylor and Penman approxi-
mations actually induce serious errors in the
computation of T, we compared linearized estimates
of T, using equations (3) and (6) with computer-
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Fig. 1. Difference (or errors) between calculations of T,
from numerical computer algorithms and explicit solutions
of linearized equations for sample, realistic combinations of
variables of the environment and animal. Errors are plotted
as a function of the difference between 7, and the linear-
ization temperature, 7,. Calculations for dry-skinned ani-
mals (A) used a Taylor series approximation, whereas those
for wet-skinned animals (@) employed a Taylor and a
Penman linearization.

generated numerical values [we used the half-interval
search method, Poole and Borchers (1979)] of T,
using equations (1) and (4), and a variety of realistic
combinations of the environmental variables
(Q = 300, 600 and 900 W m~~; r.h. = 20, 50 and 95°,;:
wind speed = 0.1, 1.0 and 3.0ms™"; and 7, taken at
many points between 273-323 K). Equations (6) and
(8) were solved for both wet- (e.g. frogs) and dry-
skinned animals (e.g. lizards).

Our analyses show that use of linearizations can
result in substantial errors in estimates of T, for dry-
and wet-skinned animals. Estimates from equations
containing only the Taylor series approximation were
usually very similar to the numerical solutions (less
than 0.5°C error, see Fig. 1). Nevertheless, differences
between the linearized and numerical solutions were
as great as 1.6°C for many realistic combinations of
environmental variables. In unusual, but realistic
environments, errors can be as high as 5.5°C. For
example, a 100 g, dry-skinned animal exposed to high
radiation (900 W m~2) at low wind speeds (0.1 ms~')
at a low T, (10°C) gave an error of 5.5°C. Similar
conditions might be found in sheltered spots at high
elevations. Estimates from equations containing both
the Taylor and Penman linearizations were often
unacceptably inaccurate (Fig. 1). Errors as large as
5-8°C were commonly produced under a variety of
realistic conditions. As expected, the magnitude of
the error in both tests was large when combinations
of variables (i.e. conditions of the animal and envi-
ronment) forced the surface temperature of the or-
ganism away from T, (Fig. 1).

Errors caused by linearization can be minimized
with some mathematical and biological insight. The
linearization temperature need not be restricted to T,
(Bakken, 1981). An experienced investigator often
can estimate T, knowing the environmental condi-
tions and substitute this “‘guess’ as the linearization
temperature. If this guess is an accurate estimate of
the actual T, then the error generated due to linear-
ization can be very small.

ITERATIVE METHOD

We suggest an alternative, and less subjective.
method of calculating complex equations: one that



Errors in energy balance equations

combines the convenience of using the linearized
equations with the accuracy of computerized numer-
ical solutions (Strunk and Tracy, 1973; Bakken, 1981;
Roughgarden er al., 1981). This method uses equa-
tions with linearizations, such as equation (3) and (6),
but solves them iteratively. Specifically, these equa-
tions are initially solved using 7, as the linearization
temperature. Then the calculated T, is used as the
linearization temperature for the next iteration. Sub-
sequent iterations yield increasingly accurate esti-
mates of T,,. For example, suppose one were to solve
for the T, of a wet-skinned animal using equation (6).
If 7, was used as the linearization temperature and 7,
was 20°C different from the actual T, of the animal,
then the calculated 7, would be in error by approx.
6°C (see Fig. 1). If this calculated 7, was then used
as the linearization temperature in a second iteration
[i.e. recaiculation of T, using equation (6)], then the
resulting error in the newly calculated T, would be
only approx. 0.3°C (see Fig. 1). A third iteration
would reduce the calculational error to less than
0.05°C. Thus, two iterations of this method elimi-
nates nearly all error, particularly for equation (3),
and three iterations always reduces errors to less than
0.05°C.

CONCLUSIONS

Linearizations of high-ordered terms in energy
balance equations can result in unacceptable errors
compared to implicit solutions using a computer and
numerical algorithms. These errors can be avoided by
three means:

(1) by using linearizations only when environmen-
tal conditions are unlikely to result in large differ-
ences between T, and the linearization temperature;

(2) by using an educated guess for the linearization
temperature; and

(3) by solving the linearized equations iteratively

by the method proposed in this paper.
The accuracy of the first two methods depends upon
the investigator’s mathematical and biological in-
sight, and the magnitude of the error cannot be
known for certain without further evaluation. In
contrast, the third method does not require any
special understanding of biophysical interactions, it
permits an investigator to calculate 7\, to any desired
degree of accuracy, and frees the investigator from
the possible inconvenience and expense of using a
computer.

Acknowledgements—This work was partially supported by
NSF predoctoral fellowships to F.H.vB. and J.S.T. (NSF
DEB 8109667), Univ. of Washington Grad. School Res.
Fund grants to R.B.H. and a J.S. Guggenheim fellowship
to C.R.T. Support for R.D.S. came from the Institute for
Quantitative Studies at the Univ. of Washington, and
support for B.M.B. came from NIH grants to 1. Kenagy.

REFERENCES

Bakken G. S. (1980) The use of standard operative tem-
perature in the study of the thermal energetics of birds.
Physiol. Zool. 53, 108-119.

Bakken G. S. (1981) A two-dimensional operative-
temperature model for thermal energy management by
animals. J. therm. Biol. 6, 23-30.

263

Bakken G. S. and Gates D. M. (1974) Linearized heat
transfer relations in biology. Science 183, 976-977.

Bakken G. S. and Gates D. M. (1975) Heat-transfer analysis
of animals: some implications for field ecology, phys-
iology, and evolution. In Perspectives of Biophysical
Ecology (Edited by Gates D. M. and Schmerl R. B.), pp.
255-290. Springer. New York.

Bakken G. S.. Vanderbilt V. C.. Buttemer W. A. and
Dawson W. R. (1978) Avian eggs: thermoregulatory role
of very high near-infrared reflectance. Science 200,
321-323.

Belovsky G. E. (1981) Optimal activity times and habitat
choice of moose. Oecologia 48, 22-30.

Buettner K. R. K. (1951) The Compendium of Meteorology.
American Meteorological Society, Boston. Mass.

Campbell G. S. (1977) An Introduction to Environmental
Biophysics. Springer, New York.

Farlow J. O., Thompson C. V. and Rosner D. E. {1976)
Plates of the dinosaur Stegosaurus: forced convection
heat loss fins? Science 192, 1123-1125.

Gates D. M. (1980) Biophyvsical Ecology. Springer. New
York.

Gates D. M. and Schmerl R. B. (Eds) (1975) Perspectives of
Biophysical Ecology. Springer. New York.

Gonzalez R. R., Nishi Y. and Gagge A. P. (1974) Experi-
mental evaluation of standard effective temperature, a
new biometeorological index of man’s thermal discom-
fort. Int. J. Biomet. 18, 156-163.

Kerslake D. McK. and Waddell J. L. (1958) The heat
exchange of wet skin. J. Physiol.. Lond. 141, 156~163.
Lowry W. P. (1967) Weather and Life. Academic Press. San

Francisco, Calif.

Machle W. and Hatch T. F. (1947) Heat: man’s exchanges
and physiological responses. Physiol. Rev. 27, 200-227.

Mahoney S. A. and King J. R. (1977) The use of the
equivalent black-body temperature in the thermal ener-
getics of small birds. J. therm. Biol. 2, 115-120.

Monteith J. L. (1973) Principles of Environmental Physics.
Arnold, London.

Penman H. L. (1958) Natural evaporation from open water,
bare soil and grass. Proc. R. Soc. Lond.. A 193, 120-140,

Poole L. and Borchers M. (1979) Some Common Basic
Programs, 3rd edn. Osborne/McGraw-Hill. Berkeley.
Calif.

Porter W. P., Mitchell J. M., Beckman W. A, and Tracy
C. R. (1975) Environmental constraints on some
predator—prey interactions. In Perspectives of Biophysical
Ecology (Edited by Gates D. M. and Schmerl R. B.). pp.
347-364. Springer, New York.

Robinson D. E., Cambell G. S. and King J. R. (1976) An
evaluation of heat exchange in small birds. J. comp.
Physiol. B105, 153-166.

Roughgarden J., Porter W. P. and Heckel D. (1981) Re-
source partitioning of space and its relationship to body
temperature in Anolis lizard populations. Oecologia 50,
256-264.

Spotila J. R., Lommen P. W., Bakken G. S. and Gates
D. M. (1973) A mathematical model for body tem-
peratures of large reptiles: implications for dinosaur
ecology. Am. Nai. 107, 391-404.

Spotila J. R. and Gates D. M. (1975) Body size, insulation.
and optimum body temperatures of homeotherms. In
Perspectives of Biophysical Ecology (Edited by Gates D.
M. and Schmerl R. B.), pp. 291-301. Springer, New York.

Strunk T. H. and Tracy C. R. (1973) Perspectives on linear
heat transfer. Science 181, 185-186.

Tracy C. R. (1976) A model of the dynamic exchanges of
water and energy between a terrestrial amphibian and its
environment. Ecol. Monogr. 46, 293-326.

Tracy C. R. (1977) Minimum size of mammalian homeo-
therms: role of the thermal environment. Science 198,
1034-1035.

Tracy C. R. (1982) Biophysical modeling in reptilian phys-



264 C. RICHARD TRACY er al.

iology and ecology. In Biology of the Reptilia. Vol. 12 Tracy C. R.. Welch W. R. and Porter W. P. (1980)
(Edited by Gans C. and Pough F. H.). pp. 275-324. Properties of Air, 3rd edn. Univ. of Wisconsin. Madison.
Academic Press, London. Wisc.



